Abstract. We completely determine all semigroup [epigroup] varieties that are cancellable elements of the lattice of all semigroup [respectively epigroup] varieties.
Introduction and summary
The collection of all semigroup varieties forms a lattice under the following naturally defined operations: for varieties X and Y, their join X ∨ Y is the variety generated by the set-theoretical union of X and Y (as classes of semigroups), while their meet X ∧ Y coincides with the set-theoretical intersection of X and Y. We denote the lattice of all semigroup varieties by SEM. This lattice has been intensively studied during more than 50 years. Probably, the first result in this area is the description of atoms of the lattice SEM obtained by Kalicki and Scott in 1955 [11] . Results obtained on the first stages of these investigations are observed in the surveys [1] and [3] . The later survey [19] observes the situation in the area we discuss, which is close to the contemporary one. Note that the structure of the lattice SEM is very complex. This is confirmed, in particular, by the fact that this lattice contains an anti-isomorphic copy of the partition lattice over a countably infinite set [2, 8] , whence SEM does not satisfy any non-trivial lattice identity.
In addition to the lattice SEM, in this article we examine one more varietal lattice related to SEM, namely, the lattice of all epigroup varieties. We recall the corresponding definitions. An element x of a semigroup S is called a group element if x lies in some subgroup of S. A semigroup S is called an epigroup if for any x ∈ S there is a natural n such that x n is a group element. Extensive information about epigroups can be found in the fundamental work by Shevrin [17] or his survey [18] . The class of epigroups is very wide. In particular, it includes all periodic semigroups (because some power of each element in a periodic semigroup S lies in some finite cyclic subgroup of S) and all completely regular semigroups (unions of groups).
Epigroups (along with completely regular, inverse, involutary semigroups etc.) can be considered as so-called unary semigroups, i.e., semigroups equipped by an additional unary operation. A unary operation on an epigroup can be defined in the following way. Let S be an epigroup and x ∈ S. Then some power of x lies in a maximal subgroup of S. We denote this subgroup by G x . The identity element of G x is denoted by x ω . It is well known (see [17] or [18] , for instance) that the element x ω is well defined and xx ω = x ω x ∈ G x . We denote the element inverse to xx ω in G x by x . The map x → x is the just mentioned unary operation on an epigroup S. The element x is called pseudoinverse of x. Throughout this paper, we consider epigroups as algebras of type (2, 1) with the operations of multiplication and pseudoinversion. This naturally leads to the concept of varieties of epigroups as algebras with these two operations.
The collection of all epigroup varieties forms a lattice under the operations defined by the same way as in the lattice SEM (see the first phrase of the article). We denote this lattice by EPI. Note that the class of all epigroups is not an epigroup variety (because it is not closed under taking of infinite direct products), so the lattice EPI does not have the largest element. The class of all varieties of completely regular semigroups considered as unary semigroups forms an important sublattice of EPI. This sublattice was intensively studied from the 1970s to the 1990s (see [13] or [19, Section 6] ). An examination of the lattice EPI was initiated in [17] . An overview of the first results obtained in this area can be found in [19, Section 2] .
It is well known and can be easily checked that in every periodic epigroup the operation of pseudoinversion can be expressed in terms of multiplication (see [17] or [18] , for instance). This means that periodic varieties of epigroups can be identified with periodic varieties of semigroups. Thus, the lattices SEM and EPI have a big common sublattice, namely, the lattice PER of all periodic semigroup varieties. Results of the mentioned above article [8] immediately imply that even the lattice PER contains an anti-isomorphic copy of the partition lattice over a countably infinite set. This means, in particular, that the lattice EPI also contains the dual to this partition lattice as a sublattice. Therefore, EPI, as well as SEM, does not satisfy any non-trivial lattice identity.
The absence of non-trivial identities in the lattices SEM and EPI makes it natural to examine the elements of these lattices with properties that are somehow connected with lattice identities. We take in mind so-called special elements of different types in lattices. In the theory of lattices, special elements of many types are investigated. We recall definitions of those types of such elements that appear below. An element x of a lattice L; ∨, ∧ is called neutral if
It is well known that an element x is neutral if and only if, for all y, z ∈ L, the sublattice of L generated by x, y and z is distributive (see [4, Theorem 254] 
It is easy to see that any standard element is cancellable, while any cancellable element is modular. Special elements play an important role in the general lattice theory (see [4, Section III.2] , for instance).
There are many articles devoted to special elements of different types in the lattice SEM. An overview of results in this subject published before 2015 can be found in the survey [25] . A number of results about special elements of different types in the lattice EPI were obtained in [16, 20, 21] . We mention here only two results (one for semigroup and one for epigroup cases) closely related with this article. In [24, Theorem 3.1], commutative semigroup varieties that are modular elements of the lattice SEM are completely determined. An analogous result concerning epigroup varieties is proved in [16, Theorem 1.3] .
Until recently nothing was known about cancellable elements in the lattices SEM and EPI. However, now the situation has changed. It is proved in [6] that, for commutative semigroup varieties, the properties of being cancellable and modular elements in SEM are equivalent. An analogous result for the lattice EPI is verified in [22] . These claims together with the results mentioned at the end of the previous paragraph give a complete description of commutative semigroup [epigroup] varieties that are cancellable elements of the lattice SEM [respectively EPI]. For arbitrary semigroup [epigroup] varieties the properties of being cancellable and modular elements in the lattice SEM [respectively EPI] are not equivalent. This is verified by the second and the third author for SEM in [23] and by the second author for EPI (unpublished). In the present article we finish investigations started in [6, 22, 23] and completely determine all cancellable elements in SEM and EPI.
To formulate the main results of the article, we need some definitions and notation. Elements of the free unary semigroup are called words. Words unlike letters (elements of alphabet) are written in bold. A word that does not contain a unary operation is called a semigroup word. It is natural to consider semigroup words as elements of the free semigroup. We connect two parts of an identity by the symbol ≈, while the symbol = denotes, among other things, the equality relation on the free [unary] semigroup. Note that a semigroup S satisfies the identity system wx ≈ xw ≈ w where the letter x does not occur in the word w if and only if S contains a zero element 0 and all values of w in S are equal to 0. We adopt the usual convention of writing w ≈ 0 as a short form of such a system and referring to the expression w ≈ 0 as to a single identity. Identities of the form w ≈ 0 and varieties given by such identities are called 0-reduced. By S m we denote the full symmetric group on the set {1, 2, . . . , m}. The identity
where π ∈ S m is denoted by p m [π] . If the permutation π is non-trivial then this identity is called permutational. The number m is called a length of this identity. Let T, SL and SEM be the trivial semigroup variety, the variety of all semilattices and the variety of all semigroups respectively. The semigroup variety given by the identity system Σ is denoted by var Σ. Put
Note that the varieties T, SL, X m,n and Y m,n with 2 ≤ m ≤ n ≤ ∞ are periodic. Whence, they can be considered both as semigroup varieties and as epigroup ones. The first main result of the article is the following It is easy to see that any 0-reduced semigroup variety is a modular element of SEM (see [10, To make another comment to Theorem 1.1, we need a few new definitions and notation. If u is a semigroup word then its length is denoted by ℓ(u). If, otherwise, u is a non-semigroup word then we put ℓ(u) = ∞. For an arbitrary word u, we denote by con(u) the content of u, i.e., the set of all letters occurring in u. An identity u ≈ v is called substitutive if u and v are semigroup words, con(u) = con(v) and the word v is obtained from u by renaming of letters. Clearly, any permutational identity is a substitutive one. Other examples of substitutive identities are, for 1 We note that the paper [10] has dealt with the lattice of equational theories of semigroups, that is, the dual of SEM rather than the lattice SEM itself. When reproducing results from [10] , we adapt them to the terminology of the present article.
instance, x 2 y 2 ≈ y 2 x 2 , x 2 yz ≈ y 2 zx or xyx ≈ yxy. It is verified in [24, Theorem 2.5] that if a nil-variety of semigroups N is a modular element of the lattice SEM then N can be given by 0-reduced and substitutive identities only. Theorem 1.1 shows that for nil-varieties that are cancellable elements of SEM a stronger claim is true: such varieties can be given by 0-reduced and permutational identities only.
The second main result of the article is the following Theorem 1.2. An epigroup variety V is a cancellable element of the lattice EPI if and only if V = M ∨ N where M is one of the varieties T or SL, while N is one of the varieties T, X m,n or Y m,n with 2 ≤ m ≤ n ≤ ∞.
As in the articles [16, [20] [21] [22] , the formulation of the result concerning epigroup varieties turns out to be quite similar to its semigroup analogue. However, as we will see below, the proof of Theorem 1.2 essentially uses an epigroup specific.
By analogy with the mentioned above semigroup fact, it is verified in [16, We does not know, whether the set of all cancellable elements of an arbitrary lattice L forms a sublattice of L. Theorems 1.1 and 1.2 imply immediately that for lattice SEM and EPI the answer is affirmative. Moreover, the following is true. Proof. The varieties T, X m,n and Y m,n with 2 ≤ m ≤ n ≤ ∞ form a lattice shown in Fig. 1 . Evidenly, this lattice is countably infinite and distributive. The whole lattice of cancellable elements of EPI is the direct product of the lattice shown in Fig. 1 and the 2-element chain (consisting of the varieties T and SL). Finally, the whole lattice of cancellable elements of SEM is the previous lattice with the new greatest element (the variety SEM) adjoined.
The article consists of four sections. Section 2 contains some preliminary results. In Sections 3 and 4 we verify respectively the "only if" part and the "if" part of both the theorems.
Preliminaries

2.1.
The join with a neutral atom. If L is a lattice and a ∈ L then we denote by [a) the principal filter of L generated by a. In other words,
Lemma 2.1 ([6, Lemmas 2.1 and 2.2]). Suppose that L is a lattice and a ∈ L is an atom and a neutral element. For an element x ∈ L, the following are equivalent:
a) x is cancellable; b) x ∨ a is cancellable; c) the implication
is true for any y, z ∈ [a).
It is generally known that the variety SL is an atom of the lattice SEM and therefore, of the lattice EPI. 
Y∞,∞ 
is true for any varieties of semigroups [epigroups] U, W ⊇ SL.
Cancellable elements in subgroup lattices of finite symmetric groups.
If n is a natural number and 1 ≤ i ≤ n then we denote by Stab n (i) the set of all permutations π ∈ S n with iπ = i. Obviously, Stab n (i) is a subgroup in S n . Let T be the trivial group, T ij be the group generated by the transposition (ij), C ijk and C ijkℓ be the groups generated by the cycles (ijk) and (ijkℓ) respectively, P ij,kℓ be the group generated by the disjoint transpositions (ij) and (kℓ), A n be the alternating subgroup of S n and V 4 be the Klein four-group. The subgroup lattice of the group G is denoted by Sub(G). We need to know the structure of the lattices Sub(S 3 ) and Sub(S 4 ). It is generally known and easy to check that the first of these two lattices has the form shown in Fig. 2 We need the following Lemma 2.3. A subgroup G of the group S n is a cancellable element of the lattice Sub(S n ) if and only if either G = T or G = S n .
Proof. If n ≤ 2 then S n does not contain subgroups different from T and S n . If n = 3 then the desirable conclusion immediately follows from Fig. 2 . Let now n ≥ 4 and G be a non-singleton proper subgroup of S n . Suppose that G is a cancellable and therefore, modular element of Sub(S n ). Modular elements of the lattice Sub(S n ) for an arbitrary n are completely determined in [9, Propositions 3.1, 3.7 and 3.8].
If n = 4 then G ⊇ V 4 by [9, Proposition 3.8], while if n ≥ 5 then G ⊇ A n by [9, Proposition 3.1]. Clearly, it suffices to verify that there are at least two complements to G in Sub(S n ). Suppose that G ⊇ A n . Then G = A n because A n is a maximal proper subgroup in S n . Then all subgroups of the form T ij are complements to G in Sub(S n ). It remains to consider the case when n = 4, V 4 ⊆ G ⊂ S 4 and G = A 4 . Fig. 3 implies that either G = V 4 or G = V 4 ∨ P ij,kℓ for some disjoint transpositions (ij) and (kℓ). If G = V 4 then all subgroups of the form Stab 4 (i) are complements to G in Sub(S 4 ). Finally, if G = V 4 ∨ P ij,kℓ then subgroups T ik and T jℓ are complements to G in Sub(S 4 ). Since any cancellable element of a lattice is modular, the conclusion of Proposition 2.4 remains true whenever V is a cancellable element of SEM or EPI.
Identities of certain varieties and classes of varieties semigroups and epigroups.
For convenience of references, we formulate the following well-known fact as a lemma. (i) If N satisfies a non-trivial identity of the form x 1 x 2 · · · x n ≈ v then either this identity is permutational or N satisfies the identity
(ii) If N satisfies a non-trivial identity of the form x m ≈ v then N satisfies also the identity x m ≈ 0.
The following lemma is well known and can be easily checked (see [17, 18] , for instance).
Lemma 2.7. If S is an arbitrary epigroup and x ∈ S then x x = x ω .
The following assertion can be easily checked.
Lemma 2.8. The identity x ≈ 0 holds in an epigroup S if and only if S is a nil-semigroup.
Lemma 2.9 ([7, Lemma 2.4]).
If w is a non-semigroup word and con(w) = {x} then an arbitrary epigroup variety satisfies the identity w ≈ x p x q for some integer p ≥ 0 and some natural q.
3. The proof of Theorems 1.1 and 1.2: the "only if" part Here we need several auxiliary facts. A word u is called linear if every letter occurs in u at most once. If w is a word, con(w) = {x 1 , x 2 , . . . , x n } and ξ ∈ S n then we denote by ξ[w] the word obtained from w by the substitution x i → x iξ for all i = 1, 2, . . . , n. If V is a variety of semigroups or epigroups and n a natural number then we denote by Perm n (V) the set of all permutations π ∈ S n such that V satisfies the identity p n [π]. Clearly, Perm n (V) is a subgroup of S n .
Proposition 3.1. If a variety of semigroups [epigroups]
V is a cancellable element of the lattice SEM [respectively EPI] and n is a positive integer then the group Perm n (V) is a cancellable element of the lattice Sub(S n ).
Proof. Suppose at first that V is a semigroup variety. Clearly, the variety V is a modular element of SEM. By Proposition 2.4, either V = SEM or V = M ∨ N where M is one of the varieties T or SL, while N is a nil-variety. It is evident that Perm n (SEM) = T and Perm n (SL ∨ N) = Perm n (N) for any n. Since T is a cancellable element of Sub(S n ), we can assume that V = N.
Put V = Perm n (V) for brevity. Suppose that V is not a cancellable element of the lattice Sub(S n ). Then there are subgroups X 1 and X 2 of the group S n such that V ∨ X 1 = V ∨ X 2 and V ∧ X 1 = V ∧ X 2 but X 1 = X 2 . For i = 1, 2, we denote by X i the variety given by the identity x 1 x 2 · · · x n+1 ≈ 0, all identities of the form w ≈ 0 where w is a word of length n depending on < n letters and all identities of the form p n [π] where π ∈ X i . It is clear that
It is easy to see that if L is a lattice, x, y, z ∈ L, x ∨ y = x ∨ z, x ∧ y = x ∧ z and one of the elements x, y or z is the largest element of L then y = z. On the other hand, if one of the varieties V, X 1 or X 2 satisfies the identity (2.1) then one of the groups V , X 1 or X 2 coincides with S n . Hence the identity (2.1) fails in the varieties V, X 1 and X 2 .
Let now u ≈ v be an arbitrary identity that holds in V ∨ X 1 . We are going to verify that this identity holds in V ∨ X 2 . Since u ≈ v holds in V, it suffices to verify that it holds in X 2 . The identity u ≈ v holds in V and X 1 . If ℓ(u), ℓ(v) ≥ n + 1 then X 2 satisfies u ≈ 0 and v ≈ 0, and thus u ≈ v. Thus, we can assume without loss of generality that ℓ(u) ≤ n. On the other hand, the definition of the variety X 1 and the fact that u ≈ v holds in X 1 imply that ℓ(u), ℓ(v) ≥ n. Therefore, ℓ(u) = n.
Suppose that the word u is linear. By Lemma 2.6(i), either the identity u ≈ v is permutational or the variety V ∨ X 1 satisfies the identity u ≈ 0. However, we have proved above that the second case is impossible. Therefore, u ≈ v is an identity of the form p n [π]. Since it holds both in V and X 1 , we have π ∈ V ∧ X 1 = V ∧ X 2 . Hence π ∈ X 2 , and therefore the identity u ≈ v holds in X 2 .
It remains to consider the case when the word u is non-linear. Then it depends on < n letters. Therefore, u ≈ 0 holds in the varieties X 1 and X 2 . If ℓ(v) > n or v is a word of length n depending on < n letters then v ≈ 0 holds in X 2 , whence u ≈ v holds in X 2 . Finally, if ℓ(v) = n and v depends on n letters then the word v is linear and we can complete our considerations by the same arguments as in the previous paragraph.
Thus, if the identity u ≈ v holds in V ∨ X 1 then it holds in V ∨ X 2 too. This means that V ∨ X 2 ⊆ V ∨ X 1 . The reverse inclusion can be verified analogously,
Let now u ≈ v be an arbitrary identity that holds in the variety V ∧ X 1 . We aim to verify that it holds in V ∧ X 2 . Let the sequence of words
be a deduction of the identity u ≈ v from the identities of the varieties V and X 1 . This means that, for any i = 0, 1, . . . , k − 1, the identity u i ≈ u i+1 holds in one of the varieties V or X 1 . Suppose that there is an index i such that u i is a linear word of length n. If i > 0 then Lemma 2.6(i) implies that either u i−1 is a linear word and con(u i−1 ) = con(u i ) or one of the varieties V or X 1 satisfies the identity (2.1). Analogously, if i < k then either u i+1 is a linear word and con(u i ) = con(u i+1 ) or one of the varieties V and X 1 satisfies the identity (2.1). As we have seen above, the latter is impossible. Therefore, the words adjacent to u i in the sequence (3.1) are linear words of length n depending on the same letters as u i . By induction, this means that all the words u 0 , u 1 , . . . , u k are linear words of length n depending on the same letters. We can assume without loss of generality that con(u) = {x 1 , x 2 , . . . , x n }. There are permutations π 0 , π 1 , . . . , π k−1 ∈ S n such that 
• ℓ(u i ) ≥ n for all i = 1, 2, . . . , k − 1;
• either ℓ(u 0 ) ≥ n or the identity u 0 ≈ u 1 holds in V;
In view of what we said above, either ℓ(u i ) > n or ℓ(u i ) = n and u i depends on < n letters. In both cases the identity u i ≈ 0 holds in X 2 . Hence X 2 satisfies the identities u 1 ≈ 0 ≈ u k−1 . Moreover, if u 0 ≈ u 1 or u k−1 ≈ u k does not hold in V then it holds in X 2 . Therefore, the sequence of words u = u 0 , u 1 , u k−1 , u k = v is a deduction of the identity u ≈ v from the identities of the varieties V and X 2 . Thus, we have again that the identity u ≈ v holds in the variety V ∧ X 2 .
We have proved that if the identity u ≈ v holds in V ∧ X 1 then it holds in V ∧ X 2 . Therefore, V ∧ X 2 ⊆ V ∧ X 1 . The reverse inclusion can be verified analogously, whence
Thus, V ∨ X 1 = V ∨ X 2 and V ∧ X 1 = V ∧ X 2 . Since V is a cancellable element of SEM, this implies that X 1 = X 2 . However, this contradicts the choice of the groups X 1 and X 2 .
We obtain the desirable conclusion in the semigroup case. Suppose now that V is an epigroup variety. By Proposition 2.4, V = M ∨ N where M is one of the varieties T or SL, while N is a nil-variety. As in the semigroup case, we can assume that V = N. Note that the varieties X 1 and X 2 considered above in this proof are periodic. Therefore, they can be considered as epigroup varieties. Now we can complete considerations in the epigroup case by literally repeating arguments given above in the semigroup one.
Proposition 3.1 and Lemma 2.3 immediately imply the following Proposition 3.2. Let a variety of semigroups [epigroups]
V be a cancellable element of the lattice SEM [respectively EPI] and n be a natural number. If V satisfies some permutational identity of length n then it satisfies all such identities.
Let F be the free semigroup over a countably infinite alphabet and F 1 be the semigroup F with the new identity element adjoined. We treat this identity element as the empty word. We denote by Aut(F ) and End(F ) the group of automorphisms and the monoid of endomorphisms on F respectively. Let u, v ∈ F . We write u ≤ v if v = aξ(u)b for some ξ ∈ End(F ) and some a, b ∈ F 1 . If u ≤ v and u = v then we write u < v. We say that words u and v are incomparable if u ≤ v and v ≤ u. We will say that words p and q are equivalent if p ≤ q and q ≤ p. It is clear that the words p and q are equivalent if and only if q = ϕ(p) for some ϕ ∈ Aut(F ). Lemma 3.3. Suppose that u, v and w are pairwise incomparable words and con(u) = con(v) = con(w). If a semigroup variety V is a cancellable element of the lattice SEM and V satisfies the identities u ≈ 0 and v ≈ 0 then it satisfies the identity w ≈ 0 too.
Proof. Consider the set I = {s ∈ F | u < s or v < s or w < s}.
Note that u, v, w / ∈ I because these words are pairwise incomparable. Therefore, ϕ(u), ϕ(v), ϕ(w) / ∈ I for any ϕ ∈ Aut(F ). Obviously, I is a fully invariant ideal of F . Put N = var{s ≈ 0 | s ∈ I}, U = N ∧ var{u ≈ w} and W = N ∧ var{v ≈ w}. Now we interrupt the proof of Lemma 3.3 in order to prove the following Lemma 3.4. Non-trivial identities that hold in U are only the identities s ≈ t with s, t ∈ I and the identities ϕ(u) ≈ ϕ(w) or ϕ(w) ≈ ϕ(u) where ϕ ∈ Aut(F ). Analogously, non-trivial identities that hold in W are only the identities s ≈ t with s, t ∈ I and the identities ϕ(v) ≈ ϕ(w) or ϕ(w) ≈ ϕ(v) where ϕ ∈ Aut(F ).
Proof. By symmetry, it suffices to verify the first claim of the lemma. To do this, we will first describe identities a ≈ b that directly follow from the identity system defining U. Any such identity directly follows either from an identity s ≈ 0 where s ∈ I or from the identity u ≈ w. In the first case a, b ∈ I because I is a fully invariant ideal. In the second case we have either a = cϕ(u)d and b = cϕ(w)d or vice versa where c, d ∈ F 1 and ϕ ∈ End(F ). If at least one of the words c and d is non-empty or ϕ does not act on con(u) as an automorphism of F then u < a and w < b or vice versa (here we use the equality con(u) = con(w)). Hence a, b ∈ I again. Finally, if c and d are empty and ϕ acts on con(u) as an automorphism of F then we can suppose that ϕ ∈ Aut(F ).
In order to describe all non-trivial identities of U, we consider a deduction of an identity p ≈ q that holds in U from the basis of identities of U: p = w 0 , w 1 , . . . , w k = q. If w 0 ∈ I then the identity w 0 ≈ w 1 does not have the form ϕ(u) ≈ ϕ(w) or ϕ(w) ≈ ϕ(u) where ϕ ∈ Aut(F ) because ϕ(u), ϕ(w) / ∈ I. Hence w 1 ∈ I. Now a simple induction shows that w 2 , . . . , w k ∈ I. If w 0 = ϕ(u) then w 0 / ∈ I. Therefore, the identity w 0 ≈ w 1 has either the form ψ(u) ≈ ψ(w) or the form ψ(w) ≈ ψ(u) where ψ ∈ Aut(F ). The latter is impossible because u and w are incomparable, whence ϕ(u) = ψ(u) and ϕ(w) = ψ(w). Hence the restriction of ϕ on the set con(u) coincides with the restriction of ψ on this set. Since con(u) = con(w), we can suppose that ϕ = ψ. Now a simple induction shows that w 2 = ϕ(u), w 3 = ϕ(w), . . . , so the identity p ≈ q either is trivial or has the form ϕ(u) ≈ ϕ(w). Similar arguments show that if w 0 = ϕ(w) then the identity p ≈ q either is trivial or has the form ϕ(w) ≈ ϕ(u).
Let us return to the proof of Lemma 3.3. The variety V∧U satisfies the identities
Suppose that V does not satisfy the identity w ≈ 0. Hence it satisfies none of the identities u ≈ w and v ≈ w, and therefore none of the identities ϕ(u) ≈ ϕ(w) and ϕ(v) ≈ ϕ(w) where ϕ ∈ Aut(F ). Let us consider a non-trivial identity a ≈ b which holds in V ∨ U. By Lemma 3.4, a, b ∈ I. We see that N ⊆ V ∨ U, whence
Since the variety V is a cancellable element of SEM, we have that U = W. However, this contradicts Lemma 3.4. Lemma 3.6. If a nil-variety of semigroups V is a cancellable element of the lattice SEM then it satisfies the identities
Proof. Being a nil-variety, V satisfies identities x n y ≈ yx n ≈ 0 for some n. Now Lemma 3.5 is applied with the conclusion that the words x n y, yx n and x n−k yx k for all k = 1, 2, . . . , n − 1 are pairwise incomparable. Then Lemma 3.3 implies that the variety V satisfies the identities x n−k yx k ≈ 0 for all k = 1, 2, . . . , n − 1. Suppose that n ≥ 4. One can consider the words x n−2 yx 2 , x n−3 yx 3 and x n−1 y. We have x n−2 yx 2 ≤ x n−1 y and x n−3 yx
The words x n−2 yx 2 and x n−3 yx 3 are incomparable by Lemma 3.5. Finally, x n−1 y ≤ x n−2 yx 2 and x n−1 y ≤ x n−3 yx 3 because the words x n−2 yx 2 and x n−3 yx 3 do not contain any (n − 1)-th powers which are not their suffixes (note that x n−3 yx 3 contains the suffix x 3 which is an (n − 1)-th power if n = 4). Now we can apply Lemma 3.3 and conclude that V satisfies the identity x n−1 y ≈ 0. By the dual arguments, V satisfies yx n−1 ≈ 0 as well. Now a simple induction shows that V satisfies the identities x n−2 y ≈ yx n−2 ≈ 0, x n−3 y ≈ yx n−3 ≈ 0, . . . , x 3 y ≈ yx 3 ≈ 0. As we have observed in the beginning of this paragraph, the identities x n y ≈ yx n ≈ 0 imply in V the identities x n−k yx k ≈ 0 for all k = 1, 2, . . . , n − 1. Now we apply this observation with n = 3 and k = 1, 2 with the conclusion that V satisfies the identities x 2 yx ≈ xyx 2 ≈ 0. and (xy) 2 do not contain any squares that are not their suffixes. By Lemma 3.3, V satisfies the identity x 2 y ≈ 0. By the dual arguments, V satisfies also the identity yx 2 ≈ 0. The words x 2 y, yx 2 and xyx are incomparable by Lemma 3.5. It remains to apply Lemma 3.3 and conclude that V satisfies the identity xyx ≈ 0. Now we are well prepared to prove necessity in Theorems 1.1 and 1.2.
Proof of Theorem 1.1. Necessity. Let V be a proper semigroup variety that is a cancellable element of the lattice SEM. Since each cancellable element is modular, Proposition 2.4 implies that V = M ∨ N where M ∈ {T, SL} and N is a nil-variety. In view of Corollary 2.2, we can assume that V = N. We need to verify that V = T or V = X m,n or V = Y m,n for some 2 ≤ m ≤ n ≤ ∞.
By Lemma 3.6, the variety V satisfies the identities (3.2). If each identity that holds in V follows from (3.2) then V = X ∞,∞ . Suppose that V satisfies an identity u ≈ v that does not follow from the identities (3.2). These identities imply any identities of the form p ≈ 0 ≈ q such that each of the words p and q is non-linear and is not the square of a letter. Hence we can assume without loss of generality that either u = x 1 x 2 · · · x n for some n or u = x 2 . Now we can apply Lemma 2.6 and conclude that V satisfies either the identity x 2 ≈ 0 or the identity (2.1) or some permutational identity of length n. In the last case V satisfies all permutational identities of length n by Proposition 3.2. Thus, V is given within X ∞,∞ either by the identity (2.1) for some natural n or by the idenity x 2 ≈ 0 or by the identity
for some natural m or by a combination of the listed idenities and identity system. Clearly, the identity (2.1) implies the system (3.3) whenever m ≥ n. Evidently, all the saying above is equivalent to the desirable conclusion. Necessity of Theorem 1.1 is proved. The following observation will be used in the proof of necessity of Theorem 1.2. As we have mentioned in Section 1, the lattice PER of all periodic semigroup varieties is a sublattice in both the lattices SEM and EPI. Note that the varieties U and W that appear in the proofs of Lemmas 3.3 and 3.4 are nil-varieties and therefore, are periodic. Hence the proof of necessity of Theorem 1.1 implies the following Corollary 3.7. If a periodic semigroup variety V is a cancellable element of the lattice PER then V = M ∨ N where M is one of the varieties T or SL, while N is one of the varieties T, X m,n or Y m,n with 2 ≤ m ≤ n ≤ ∞.
Proof of Theorem 1.2. Necessity. Let an epigroup variety V be a cancellable element of the lattice EPI. Clearly, V is a modular element of EPI. Now Proposition 2.4 is applied with the conclusion that V = M ∨ N where M is one of the varieties T or SL, while N is a nil-variety. Then the variety V is periodic, whence it can be considered as a semigroup variety. Clearly, V is a cancellable element of the lattice PER. It remains to refer to Corollary 3.7.
The proof of Theorems 1.1 and 1.2: the "if" part
First of all, we note that the known results easily imply that the varieties X n,n and Y n,n with 2 ≤ n ≤ ∞ are cancellable elements of both the lattices SEM and EPI. Indeed, these varieties are distributive elements of the lattice SEM by [26, Theorem 1.1] and modular elements of this lattice by [26, Corollary 1.2] . It is well known that a distributive and modular element of a lattice is a standard element (see [5, Lemma II.1.1], for instance). Since a standard element of a lattice is a cancellable one, we are done in the semigroup case. In the epigroup case it suffices to refer to the fact that the mentioned varieties are standard elements of EPI by [20, Theorem 1.1 and Corollary 1.2]. But the proof given below embraces all varieties mentioned in Theorems 1.1 and 1.2, including the varieties X n,n and Y n,n .
It is convenient for us to start the proof of sufficiency with Theorem 1.2. Proof of Theorem 1.2. Sufficiency. Suppose that an epigroup variety V has the form indicated in the formulation of Theorem 1.2. We need to verify that V is a cancellable element of EPI. Let U and W be epigroup varieties such that V ∨ U = V ∨ W and V ∧ U = V ∧ W. We need to check that U = W. Corollary 2.2 allows us to suppose that V is one of the varieties T, X m,n or Y m,n with 2 ≤ m ≤ n ≤ ∞. Thus, V is a nil-variety. In particular, it is periodic. The case when V = T is evident. By symmetry, it suffices to show that a non-trivial identity u ≈ v holds in W whenever it holds in U. So, let U satisfy the identity u ≈ v. Note that if this identity holds in V then it holds in V ∨ U = V ∨ W and therefore, in W.
It is evident that the varieties U and W are either both periodic or both nonperiodic, because otherwise one of the varieties V ∨ U or V ∨ W is periodic and the other one is not, contradicting the equality V ∨ U = V ∨ W. By Corollary 2.2, we can assume that U, W ⊇ SL. Lemma 2.5 implies now that con(u) = con(v). Further considerations are divided into two cases.
Case 1: | con(u)| = 1. Here there are three subcases. Subcase 1.1: u and v are semigroup words. This means that the identity u ≈ v has the form x m ≈ x n for some different m and n. Therefore, the variety U is periodic. Hence the variety V ∨ U = V ∨ W is periodic too, and so the variety W has the same property. Thus, we can suppose that all varieties under consideration are semigroup varieties. Let F 1 be the free cyclic semigroup. We denote by α, β and γ the fully invariant congruences on F 1 corresponding to V, U and W respectively. The equalities V ∨ U = V ∨ W and V ∧ U = V ∧ W imply that α ∧ β = α ∧ γ and α ∨ β = α ∨ γ. It is well known that the congruence lattice of an arbitrary cyclic semigroup is distributive (see [12, Theorem 2.17] , for instance). In particular, the lattice of congruences on F 1 is distributive. Therefore, each of its element is cancellable. Hence β = γ. Since x m βx n , we have x m γx n . Thus, the identity x m ≈ x n holds in W.
Subcase 1.2: u and v are not semigroup words. Then Lemma 2.8 applies with the conclusion that the variety V satisfies the identities u ≈ 0 ≈ v and we are done. Subcase 1.3: one of the words u and v, say u, is a semigroup word, while the other is not. Then u = x m for some natural m. By Lemma 2.9, there are p ≥ 0 and q ∈ N such that the variety U satisfies the identity
and therefore, the identities x m ≈ v ≈ x p x q . Thus, the identity
holds in U.
We denote by Gr S the set of all group elements of an epigroup S. Let S ∈ U and x ∈ S. If p ≤ q then Lemma 2.7 implies that
Further, let p > q. It is well known and can be easily checked (see [17, 18] , for instance) that an arbitrary epigroup satisfies the identities x ω x ≈ xx ω ≈ x . This fact and Lemma 2.7 imply that
So, x m ∈ Gr S in any case, whence U satisfies the identity
The identity x m ≈ v holds in V ∧ U = V ∧ W. Therefore, there is a deduction of this identity from identities of the varieties V and W. In particular, one of these varieties satisfies a non-trivial identity of the form x m ≈ w. If this identity holds in V then Lemmas 2.6(ii) and 2.8 imply that V satisfies the identities x m ≈ 0 ≈ v and we are done.
It remains to consider the case when the identity x m ≈ w holds in W. Suppose at first that w is a semigroup word. If ℓ(w) = m then there exists a letter y ∈ con(w) with y = x. Substituting y 2 to y in the identity x m ≈ w, we obtain an identity of the form x m ≈ w ′ with ℓ(w ′ ) = m. Thus, we can assume that ℓ(w) = m. Then equating all letters from con(w) to x, we deduce from x m ≈ w an identity of the form x m ≈ x n with m = n. Thus, the variety W is periodic. Therefore, U is periodic too. Thus, all the varieties under consideration are periodic. Being periodic, the variety U ∨ W satisfies an identity of the form x r ≈ x r+s for some natural r and s. It is easy to see that this identity implies an identity of the form x ≈ x (r+q)s−1 for any natural q. Clearly, (r + q)s − 1 > m for some q. Therefore, U ∨ W satisfies the identity v ≈ x k for some k > m. Then the identities x m ≈ v ≈ x k hold in U. The arguments given in Subcase 1.1 imply that the variety W satisfies the identities x m ≈ x k ≈ v. Suppose now that w is a non-semigroup word. Considerations analogous to mentioned in the second paragraph of Subcase 1.3 allow us to check that the variety W satisfies the identity (4.3). Lemmas 2.7 and 2.8 imply that V satisfies the
hold in U by (4.2) and (4.3). So, the identity
holds in the variety V ∨ U = V ∨ W and therefore, in W. Lemma 2.8 implies that V satisfies the identities v ≈ 0 ≈ x p x q . Therefore, the identity (4.1) holds in V ∨ U = V ∨ W and therefore, in W. Combining the identities (4.1), (4.3) and (4.4), we obtain that W satisfies the identities x m ≈ x m x ω ≈ x p x q ≈ v that completes the proof in Case 1.
Case 2: | con(u)| = k > 1. Every non-semigroup word equals 0 in V by Lemma 2.8. Further, every semigroup non-linear word depending on > 1 letters also equals 0 in V because V satisfies the identities (3.2). Thus, if neither u nor v is a semigroup linear word then the identities u ≈ 0 ≈ v hold in V and we are done. Hence we can suppose without loss of generality that u = x 1 x 2 · · · x k . Since con(u) = con(v), we have ℓ(v) ≥ k. Further considerations are divided into three subcases.
Subcase 2.1: v is not a semigroup word. Using arguments from Case 2 in the proof of sufficiency of Theorem 1.1 in the article [22] , we can prove that both the varieties U and W satisfy the identity
for some i, j with 1 ≤ i ≤ j ≤ k. Using Lemma 2.8 we obtain that the variety V satisfies the identities
On the other hand, U satisfies the identities
Thus, the identity
Subcase 2.2: v is a semigroup word and ℓ(v) > k. Then equating x 1 , x 2 , . . . , x k to x, we obtain an identity of the form x k ≈ x n for some k < n. We see that the variety U is periodic. Therefore, the variety V ∨ U = V ∨ W is periodic too, whence the variety W also has this property. Thus, all varieties under consideration are periodic and therefore, can be considered as semigroup varieties. Now we can repeat literally arguments from the proof of sufficiency of Theorem 1.1 in the article [6] and conclude that both the varieties U and W satisfy the identity
for some natural m > 1 and i, j with 1 ≤ i ≤ j ≤ k. Now we can complete the proof by the same arguments as in Subcase 2.1 but with using of the right-hand side of the last identity rather than the word
Subcase 2.3: ℓ(v) = k or, equivalently, the identity u ≈ v is permutational. Thus, this identity has the form p k [σ] for some σ ∈ S k . By the hypothesis, the variety V either satisfies all permutational identities of length k or satisfies none of them. In the former case, the identity u ≈ v holds in V and we are done.
It remains to consider the case when any permutational identity of length k fails in V. Then V coincides with one of the varieties X m,n or Y m,n with k < m ≤ n ≤ ∞. Therefore, any non-trivial identity of the form (4.5)
Suppose that W contains nilpotent semigroups of nilpotency degree > k. We are going to check that in this case W does not satisfy any non-trivial and nonpermutational identity of the form (4.5). We note that every epigroup variety contains a greatest nil-subvariety. Namely, Lemma 2.8 implies that X ∧ var{ x ≈ 0} is a greatest nil-subvariety of an epigroup variety X. Let K be a greatest nilsubvariety of W. Then the identity x 1 x 2 · · · x k ≈ 0 fails in K. Suppose that W satisfies a non-trivial identity of the form (4.5). Then this identity holds in K. Lemma 2.6(i) implies that our identity is permutational.
The identity p k [σ] holds in U. Hence it holds in V ∧ U = V ∧ W. Let the sequence of words
be a deduction of shortest length of the identity p k [σ] from the identities of the varieties V and W. The identity w 0 ≈ w 1 fails in V. Hence it holds in W. Therefore, this identity is permutational, whence w 1 is a linear word of length k. If s > 1 then the identity w 1 ≈ w 2 holds in V but this is impossible. Therefore, s = 1. This means that W satisfies the identity
It remains to consider the case when all nilpotent semigroups in W have nilpotency degree ≤ k. Recall that V is a nil-variety. Hence the variety V ∧ W = V ∧ U satisfies the identity x 1 x 2 · · · x k ≈ 0 and therefore, the identity x 1 x 2 · · · x k ≈ x 1 x 2 · · · x k y for any letter y. Let x 1 x 2 · · · x k = p 0 , p 1 , . . . , p t = x 1 x 2 · · · x k y be a deduction of the last identity from the identities of the varieties V and U. There is an index i such that the identity p i−1 ≈ p i is non-permutational. Let i be the least index with this a property. Clearly, i > 0 and p i−1 is a linear word with con(p i−1 ) = {x 1 , x 2 , . . . , x k }. The identity p i−1 ≈ p i holds in either V or U. Since any non-permutational identity of the form (4.5) fails in V, some identity of such a form holds in U. Note that con(w) = {x 1 , x 2 , . . . , x k } because U ⊇ SL. In particular, we have that the word w is non-linear. The identity (4.5) is equivalent to the identity x 1σ x 2σ · · · x kσ ≈ σ[w] for any σ ∈ S k . By Subcases 2.1 and 2.2, both the last identity and (4.5) hold in W. The variety U satisfies the identities
As we noted above, the word w is non-linear. Therefore, the identities w ≈ 0 ≈ σ[w] hold in V by (3.2) whenever w is a semigroup word or by Lemma 2.8 otherwise. Hence the identity w ≈ σ[w] holds in the variety V ∨ U = V ∨ W and therefore, in W. Now we see that W satisfies the identities
Thus, the identity p k [σ] holds in W. Theorem 1.2 is proved.
Proof of Theorem 1.1. Sufficiency. The scheme of our considerations here is the same as in the proof of sufficiency of Theorem 1.2. Suppose that a semigroup variety V has the form indicated in the formulation of Theorem 1.1. We need to verify that V is a cancellable element of SEM. The case when V = SEM is evident. Let now V = SEM and U and W be semigroup varieties such that V ∨ U = V ∨ W and V ∧ U = V ∧ W. We need to check that U = W. Corollary 2.2 allows us to suppose that V is one of the varieties T, X m,n or Y m,n with 2 ≤ m ≤ n ≤ ∞.
In particular, the variety V is periodic. The case when V = T is evident. By symmetry, it suffices to show that a non-trivial identity u ≈ v holds in W whenever it holds in U. As in the proof of sufficiency of Theorem 1.2, Corollary 2.2 and Lemma 2.5 allow us to assume that con(u) = con(v).
If | con(u)| = 1 then it suffices to refer to arguments given in Subcase 1.1 from the proof of sufficiency of Theorem 1.2. Suppose now that | con(u)| = k > 1. As in Case 2 from the proof of sufficiency of Theorem 1.2, we can assume that u = x 1 x 2 · · · x k . If ℓ(v) > k then we can complete the proof by the same arguments as in Subcase 2.2 of the proof of sufficiency of Theorem 1.2.
It remains to consider the case when ℓ(v) = k. A semigroup variety is called overcommutative if it contains the variety of all commutative semigroups. It is well known that any semigroup variety is either periodic or overcommutative. As in the proof of sufficiency of Theorem 1.2, the varieties U and W are either both periodic or both non-periodic, i.e., overcommutative. Suppose at first that U and W are periodic. Hence the variety W contains the greatest nil-subvariety. In this case, we can complete the proof by the same arguments as in the third and the fourth paragraphs of Subcase 2.3 of the proof of sufficiency of Theorem 1.2.
Finally, suppose that U and W are overcommutative. It is well known and easy to check that if an overcommutative variety satisfies some identity then each letter occurs in both sides of this identity the same number of times. Therefore, if W satisfies an identity of the form (4.5) then this identity is permutational. Further, by the hypothesis, the variety V either satisfies all permutational identities of length k or satisfies none of them. As in the proof of sufficiency of Theorem 1.2, in the former case we are done. It remains to consider the case when any permutational identity of length k fails in V. Then V coincides with one of the varieties X m,n or Y m,n with k < m ≤ n ≤ ∞. Therefore, any non-trivial identity of the form (4.5) fails in V. Now we can complete the proof by repeating literally the fourth paragraph of Subcase 2.3 of the proof of sufficiency of Theorem 1.2. Theorem 1.1 is proved.
